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THE PRIMITIVE SPECTRUM OF A SEMIGROUP OF
MARKOV OPERATORS
HENRIK KREIDLER
Abstract. For a semigroup S of Markov operators on a space of con-
tinuous functions, we use S-invariant ideals to describe qualitative prop-
erties of S such as mean ergodicity and the structure of its fixed space.
For this purpose we focus on primitive S-ideals and endow the space
of those ideals with an appropriate topology. This approach is inspired
by the representation theory of C*-algebras and can be adapted to our
dynamical setting.
In the particularly important case of Koopman semigroups, we charac-
terize the centers of attraction of the underlying dynamical system in
terms of the invariant ideal structure of S.
Mathematics Subject Classification (2010). Primary 47A35, 47D03;
Secondary 37B05, 37B25, 47B65.
1. Introduction
The primitive spectrum is a useful tool in the study of C*-algebras (see, e.g.,
Chapter IV of [Dix77], Section 4.3 of [Ped79] or Section II.6.5 of [Bla06]) and
plays a crucial role in representation theory (cf. [Hof11]). Given a C*-algebra
A it is defined as
Prim(A) := {ker π | 0 6= π irreducible representation of A}.
Equipped with the hull-kernel topology (also called Jacobson topology) it be-
comes a quasi-compact T0-space. A nice application is the so called Dauns-
Hofmann Theorem asserting that—in the unital case—the center of A is
canonically isomorphic to C(Prim(A)).
In this note we study a dynamical version of the primitive spectrum in the
commutative and unital case. Starting from a right amenable semigroup S
of Markov operators on the space of continuous functions C(K) on some
compact space K we introduce the primitive spectrum Prim(S) of S as the
set of absolute kernels of ergodic measures. Again we equip the primitive
spectrum with a hull-kernel topology and obtain a quasi-compact T0-space.
We then describe the space C(Prim(S)) and give applications to topological
dynamics and ergodic theory.
We now give a more detailed description of the results.
Based on two papers of H. H. Schaefer (see [Sch67] and [Sch68]) as well as
Paragraph III.8 of [Sch74] we consider S-invariant ideals and measures in
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Section 2 recalling some basic definitions and facts.
In the subsequent sections we introduce and study radical S-ideals. In Sec-
tion 3 we give the definition and prove an equivalent characterization in the
metric case (see Proposition 3.7). In the fourth section we then establish a
close connection between radical S-ideals, centers of attraction appearing in
topological dynamics and stability conditions of the semigroup (see Theorem
4.2 and Theorem 4.9).
The last three sections are devoted to the primitive spectrum of S as a topo-
logical space and its applications. In Section 5 we define the topology (cf.
Proposition 5.3), state its basic properties and give some examples.
In Section 6 we then prove a Dauns-Hofmann-type theorem showing that if
S is radical free (see Definition 3.1) the space of continuous functions on the
primitive spectrum C(Prim(S)) is canonically isomorphic to the fixed space
fix(S) of the semigroup S (see Theorem 6.3). We then extend this result to
the general case of not necessarily radical free S (see Theorem 6.5).
As an application we obtain in Section 7 a new description of mean ergodic-
ity of semigroups of Markov operators (see Theorem 7.1) which generalizes
Schaefer’s Theorem 2 of [Sch67] in two different ways. On one hand we
consider the more general setting of right amenable semigroups instead of
single operators. But more importantly, we obtain—in contrast to Schaefer’s
work—a full characterization of mean ergodicity . We finally look at some
examples illustrating these results (cf. Examples 7.5).
It should be pointed out that while maximal invariant ideals (which have
been the central objects in [Sch67] and [Sch68]) are enough to describe mean
ergodic Markov operators and semigroups, the results of our paper show
that primitive ideals are the natural algebraic structure to describe dynam-
ical properties of general Markov semigroups, see also Remark 7.2 below.
In the following we always assume K to be a compact (Hausdorff) space.
We denote the Banach lattice of continuous complex-valued functions on K
by C(K) and identify the dual space C(K)′ of C(K) with the Banach lattice
of complex regular Borel masures on K. Moreover, we refer to [Sch74] and
[MN91] for Banach lattices and their ideal structure and remind the reader
that the closed lattice ideals of C(K) coincide with the closed algebra ideals
and are precisely the sets
IL := {f ∈ C(K) | f |L = 0}
with L ⊆ K closed. Recall also that a positive operator T ∈ L (C(K)) is
called Markov if T1 = 1.
We now fix a semigroup S ⊆ L (C(K)) of Markov operators which is right
amenable (cf. Section 2.3 of [BJM89]) if endowed with the strong operator
topology, i.e., there is a positive element m ∈ Cb(S)
′ (called right invariant
mean) such that m(1) = 1 and m(RSf) = m(f) for every f ∈ Cb(S) where
RS(f)(T ) := f(TS) for all T, S ∈ S. All abelian topological semigroups and
compact topological groups are amenable and, in particular, right amenable.
For more examples and counterexamples we refer to [Day61] and Chapter 1
of [Pat88].
Note that the important cases of semigroups generated by a single operator
and one-parameter semigroups are contained in our results since these are
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always abelian.
Many examples of Markov operators and semigroups arise from topological
dynamical systems on K. In fact, if ϕ : K −→ K is a continuous mapping,
then the asscoiated Koopman operator Tϕ ∈ L (C(K)) defined by f := f ◦ϕ
for f ∈ C(K) is a Markov lattice operator. We write Sϕ for the semigroup
{T nϕ | n ∈ N0}.
2. Ergodic Measures and Primitive Ideals
In this section we introduce primitive S-ideals adapting concepts from the
theory of C*-algebras and start with the following definition going back to
H. H. Schaefer (see [Sch67]). Recall that an ideal I of C(K) is called proper
if I 6= C(K).
Definition 2.1. A closed proper ideal I ⊆ C(K) is an S-ideal if it is S-
invariant, i.e., SI ⊆ I for each S ∈ S. It is called maximal if it is maximal
among all S-ideals with respect to inclusion.
Remark 2.2. If I is an S-ideal, then a standard application of Zorn’s lemma
shows that I is contained in a maximal proper S-invariant ideal. Since there
are no dense proper ideals in C(K), this ideal is already closed and therefore
each S-ideal is contained in a maximal S-ideal (cf. Proposition 1 in [Sch67]).
In [Sin68] R. Sine used the concept of a self-supporting set of a Markov
operator. Generalizing this to our setting, a non-empty closed set L ⊆ K
is called self-supporting if the measure S′δx ∈ C(K)
′ has support in L for
each x ∈ L and S ∈ S. Recall that here the support suppµ of a probability
measure µ ∈ C(K)′ is the smallest closed subset A ⊆ K with µ(A) = 1.
Each self-supporting set L defines an S-ideal
IL := {f ∈ C(K) | f |L = 0}.
Conversely, each S-ideal is an IL for some self-supporting set L and the
mapping L 7→ IL is bijective. Moreover, each maximal S-ideal corresponds
to a minimal self-supporting set.
Given an S-ideal I we call the unique self-supporting set L with IL = I the
support of I and write L = supp I.
Remark 2.3. For each S-ideal I, the semigroup S induces a semigroup SI of
Markov operators on C(supp I) given by
SI := {SI | S ∈ S}
with SIf := SF |supp I for S ∈ S and f ∈ C(supp I) where F ∈ C(K) is any
extension of f to K. It is readily checked that I is maximal if and only if
SI is irreducible, i.e., there are no non-trivial SI -ideals (see the corollary to
Proposition III.8.2 in [Sch74]).
We are primarily interested in S-ideals defined by measures. The absolute
kernel of a measure 0 6 µ ∈ C(K)′ is
Iµ := {f ∈ C(K) | 〈|f |, µ〉 = 0}.
If µ is invariant, i.e., S′µ = µ for each S ∈ S, this is an S-ideal.
We write PS(K) ⊆ C(K)
′ for the space of invariant probability measures
on K equipped with the weak* topology. By right amenability of S this
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is always a nonempty compact convex set (this is a simple consequence of
Day’s fixed point theorem, see Theorem 3 of [Day61]).
We recall that for each µ ∈ PS(K) the space L
1(K,µ) is the completion
of C(K)/Iµ with respect to the L
1-norm. Since Iµ is S-invariant, every
S ∈ S induces an operator on C(K)/Iµ which then uniquely extends to a bi-
Markov operator Sµ on L
1(K,µ), i.e., Sµ is a positive operator on L
1(K,µ)
with Sµ1 = 1 and S
′
µ1 = 1. We write Sµ := {Sµ | S ∈ S} for the semigroup
on L1(K,µ) induced by S.
Definition 2.4. A measure µ ∈ PS(K) is called ergodic if the fixed space
fix(Sµ) in L
1(K,µ) is one-dimensional.
The following characterization of ergodicity generalizes a result of M. Rosen-
blatt (cf. [Ros76]) and is well-known for single operators. We give a short
proof in case of semigroup actions inspired by the proof of Proposition 10.4
of [EFHN15]. Here and in the following we write exM for the set of extreme
points of a convex subset M of a vector space.
Proposition 2.5. A measure µ ∈ PS(K) is ergodic if and only if µ ∈
exPS(K).
Proof. Assume that fix(Sµ) is not one-dimensional. Since fix(Sµ) is an AL-
sublattice of L1(K,µ) with weak order unit 1, the set
B = {f ∈ fix(Sµ) | f > 0 and sup(f,1− f) = 0}
is total in fix(Sµ) (cf. page 115 of [Sch74]). But B is just the set of char-
acteristic functions in fix(Sµ). Thus there is a measurable set A ⊆ K with
Sµ1A = 1A and 0 < µ(A) < 1. Now consider the measures µ1, µ2 defined by
µ1(g) :=
1
µ(A)
∫
A
g dµ and µ2(g) :=
1
1− µ(A)
∫
K\A
g dµ
for g ∈ C(K). For every g ∈ C(K) with 0 6 g 6 1 and each S ∈ S we obtain∫
A
g dµ =
∫
g ∧ 1A dµ =
∫
Sµ(g ∧ 1A) dµ 6
∫
Sg ∧ 1A dµ =
∫
A
Sg dµ
and, similarly ∫
Ac
g dµ 6
∫
Ac
Sg dµ,
which implies µi ∈ PS(K) for i = 1, 2. Moreover,
µ = µ(A)µ1 + (1− µ(A))µ2,
so µ /∈ exPS(K).
Conversely, take an ergodic measure µ ∈ PS(K) and suppose that µ =
1
2(µ1 + µ2) for some µ1, µ2 ∈ PS(K). Since
|〈f, µ1〉| 6 2〈|f |, µ〉 6 2‖f‖L1(K,µ)
for each f ∈ C(K) and C(K) is dense in L1(K,µ), we conclude that µ1
extends uniquely to a continuous functional µ˜1 ∈ L
∞(K,µ) = L1(K,µ)′. The
semigroup Sµ is mean ergodic (in the sense of Definition 8.31 of [EFHN15]) on
L1(K,µ) (see Example 13.24 of [EFHN15]) and therefore fix(Sµ) separates
fix(S′µ) by Theorem 8.33 of [EFHN15]. Since fix(Sµ) is one-dimensional,
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fix(S′µ) is also one-dimensional. Consequently we obtain µ˜1 = 1 ∈ L
∞(K,µ)
which implies µ1 = µ. 2
We are now ready to introduce primitive S-ideals.
Definition 2.6. An S-ideal p is called primitive if there is an ergodic measure
µ ∈ PS(K) with p = Iµ.
The set of all primitive S-ideals is called the primitive spectrum of S, denoted
by Prim(S).
Remark 2.7. The supports of primitive S-ideals are precisely the supports
of ergodic measures. Instead of looking at the ideal space it is therefore
justified (and sometimes helpful) to see the primitive spectrum as a subset
of the power set of K.
Remark 2.8. If S ⊆ L (C(K)) is irreducible, i.e., there are no non-trivial
S-ideals, then Prim(S) is a singleton. Other examples are given below (cf.
Examples 5.7).
We need the following result which relates invariant measures for quotient
systems to invariant measures on K.
Proposition 2.9. Let L ⊆ K be the support of an S-ideal and consider the
semigroup SL of Markov operators on C(L) induced by S. The canonical
continuous embedding
i : C(L)′ −→ C(K)′
with i(µ)(f) := 〈f |L, µ〉 for each f ∈ C(K) and µ ∈ C(L)
′ restricts to
continuous embeddings
i : PSL(L) −→ PS(K),
i : ex PSL(L) −→ exPS(K)
with
i(PSL(L)) = {µ˜ ∈ PS(K) | supp µ˜ ⊆ L} and
i(ex PSL(L)) = {µ˜ ∈ ex PS(K) | supp µ˜ ⊆ L}.
Proof. It is obvious that images of invariant measures remain invariant.
Now assume that µ ∈ ex PS(L) and suppose that i(µ) =
1
2(µ˜1 + µ˜2) for
measures µ˜1, µ˜2 ∈ PS(K). Then supp µ˜i ⊆ suppµ for i = 1, 2 and therefore
µ˜1 and µ˜2 restrict to measures µ1, µ2 ∈ PSL(L) with µ =
1
2(µ1 + µ2), so
µ1 = µ = µ2 since µ is ergodic. 2
Corollary 2.10. Each maximal S-ideal is primitive.
Proof. Take a maximal S-ideal I = IL. Then the induced semigroup SI on
C(L) is irreducible and consequently every SI -invariant measure µ is strictly
positive, i.e., suppµ = L.
2
We give two simple examples showing that the converse of Corollary 2.10
does not hold.
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Example 2.11. (i) If K = T := {z ∈ C | |z| = 1} and ϕ(z) := z2 for
z ∈ T, then the Haar measure of T is ergodic by Proposition 2.17 of
[EW11]. However, 1 ∈ T is a fixed point of ϕ and therefore I{1} is a
non-trivial Sϕ-ideal. Therefore, the zero ideal is a primitive, but not
maximal Sϕ-ideal.
(ii) Consider K = {0, 1}N and ϕ((xn)n∈N) := (xn+1)n∈N for (xn)n∈N ∈
K. Clearly, ϕ has fixed points whence the zero ideal is not a maximal
Sϕ-ideal.
Let ν := 12(δ0 + δ1) ∈ C({0, 1})
′. Then the product measure µ :=∏
n∈N ν ∈ C(K)
′ on K is ergodic by Proposition 6.20 of [EFHN15]
and has full support. Therefore Iµ = {0} is a primitive Sϕ-ideal.
Remark 2.12. In view of Examples 2.11 considering all primitive ideals in-
stead of maximal ideals yields more information on the semigroup action.
3. Radical Ideals
The Jacobson topology on the primitive spectrum of C*-algebras can be
defined using the notions of hull and kernel (see Section 4.3 of [Ped79] or
Section II.6.5 of [Bla06]). In our context they also yield a natural corre-
spondence between closed subsets of Prim(S) and so-called radical S-ideals.
Definition 3.1. For subsets A ⊆ Prim(S) and I ⊆ C(K) we set
ker(A) :=
⋂
p∈A
p,
hull(I) :=
{
p ∈ Prim(S) | I ⊆ p
}
.
(i) For a subset I ⊆ C(K) the S-radical of I is
radS(I) := ker(hull(I))) =
⋂
p∈Prim(S)
I⊆p
p.
(ii) An S-ideal I is a radical S-ideal if I = radS(I).
(iii) The semigroup S is radical free if the zero ideal is a radical S-ideal,
i.e., if radS(0) = 0.
We denote the set of all radical S-ideals by Rad(S).
Remark 3.2. We point out that our definition of a radical free semigroup does
not coincide with the one of Schaefer (using maximal S-ideals, see [Sch68]).
Every radical free semigroup in the sense of Schaefer is also radical free in
our terminology. However, the converse does not hold (see Examples 2.11).
Remark 3.3. By the Krein-Milman theorem PS(K) is the closed convex hull
of exPS(K) with respect to the weak* topology and therefore
radS(0) =
⋂
µ∈PS(K)
Iµ.
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Remark 3.4. The S-radical of a subset I ⊆ C(K) is either C(K) or a radical
S-ideal. Moreover, we always have hull(I) = hull(radS(I)).
Remark 3.5. Just as primitive ideals correspond to the supports of ergodic
measures, radical ideals correspond to the closures of unions of supports of
ergodic measures. Therefore S is radical free if and only if the union of all
supports of invariant ergodic measures is dense in K. Note that the latter
set is not closed in general (see Example 5.7 (iii) below). For the Markov
semigroup induced by the right shift on K = βN\N this set is nowhere dense
(cf. Corollary 1.5 in [Cho67]).
We need the following result which relates radical and primitive ideals of
quotient systems to the corresponding S-ideals of C(K).
Proposition 3.6. Let I = IL ⊆ C(K) be an S-ideal and SI the semigroup
of Markov operators on C(L) induced by S. Then the mappings
{p ∈ Prim(S) | I ⊆ p} −→ Prim(SI), p 7→ p|L,
{J ∈ Rad(S) | I ⊆ J} −→ Rad(SI), J 7→ J |L,
where J |L := {f |L | f ∈ J} for J ⊆ C(K), are inclusion preserving bijections
with inclusion preserving inverses. Moreover, radSI (0) = radS(I)|L.
Proof. We first recall that the natural projection P : C(K) −→ C(L) is a
surjetive Banach lattice homomorphism. Thus, if J˜ ⊆ C(L) is a closed ideal,
then J := P−1(J˜) is a closed ideal containing I with J˜ = P (P−1(J˜)) = J |L.
It is readily checked that J is the unique closed ideal H containing I with
H|L = J˜ . Clearly J˜ is SI -invariant if and only if J is S-invariant.
We therefore obtain mutually inverse and inclusion preserving mappings
{J ⊆ C(K) | J S-ideal with I ⊆ J} ↔ {J˜ ⊆ C(L) | J˜ SI -ideal},
J 7→ J |L
P−1(J˜)← [ J˜ .
We now prove that
{p ∈ Prim(S) | I ⊆ p} −→ Prim(SI), p 7→ p|L
is a bijective map. Assume that I ⊆ J = Iµ for some µ ∈ exPS(K). Then
suppµ ⊆ L and we thus find ν ∈ exPSI (L) with i(ν) = µ (see Proposition
2.9). Moreover we obtain for every f ∈ C(L) that
〈|f |, ν〉 =
∫
L
|F |dµ,(1)
for each extension F ∈ C(K) of f to K. Thus f ∈ Iν if and only if f ∈ Iµ|L.
If, on the other hand, J˜ = Iν for some ν ∈ exPSI (L), then Equation (1)
holds for µ = i(ν) and thus J˜ = Iµ|L.
Before proceeding with the remaining assertions, we make the following two
observations.
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• For a familiy (Jα)α∈A of S-ideals with I ⊆ Jα for every α ∈ A⋂
α∈A
Jα
 |L = ⋂
α∈A
(Jα|L).
• For two S-ideals J1, J2 with I ⊆ J1, J2 the inclusion J1|L ⊆ J2|L
implies J1 ⊆ J2.
We use these facts to show that
{J ∈ Rad(S) | I ⊆ J} −→ Rad(SI), J 7→ J |L
is a well-defined bijection. Take an S-ideal J ⊆ C(K) with I ⊆ J . Then J
is radical if and only if
J =
⋂
p∈Prim(S)
J⊆p
p
which is—by the observations above—equivalent to
J |L =
⋂
p∈Prim(S)
J⊆p
p|L =
⋂
p∈Prim(S)
J |L⊆p|L
p|L =
⋂
p∈Prim(SI )
J |L⊆p
p,
i.e., J |L being a radical SI -ideal.
Finally, the identity radSI (0) = radS(I)|L follows from the fact that radSI (0)
is the smallest radical SI -ideal and radS(I) is the smallest radical S-ideal
containing I. 2
Our main class of examples for radical ideals are the absolute kernels of
(possibly non-ergodic) invariant measures. The following result generalizes
Proposition 12 of [Sch68] using similar arguments.
Proposition 3.7. The following assertions are valid.
(i) For each µ ∈ PS(K) the S-ideal Iµ is a radical S-ideal.
(ii) If K is metrizable, then for each radical S-ideal I there is µ ∈ PS(K)
with I = Iµ.
Proof. For (i) let µ ∈ PS(K). By Lemma 3.6 we may assume that K =
suppµ and it then suffices to show that S is radical free. But this directly
follows from Remark 3.3.
We now prove (ii) and assume that K is metrizable and I is a radical S-ideal.
We may assume that I = 0 (otherwise we pass to C(supp I), cf. Lemma 3.6).
Take a countable base of the topology consisting of nonempty open sets Un,
n ∈ N. Since the supports of ergodic measures are dense in K we find
µn ∈ exPS(K) with suppµn ∩ Un 6= ∅ for each n ∈ N. For
µ :=
∞∑
n=1
2−nµn ∈ PS(K)
we obtain µ(Un) > 0 for each n ∈ N, hence µ(U) > 0 for each non-empty
open set U ⊆ K. 2
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Remark 3.8. Taking S = {Id} in Proposition 3.7 (ii) yields the probably well-
known fact that every compact metric space has a fully supported regular
Borel probability measure.1
The following examples show that part (ii) of Proposition 3.7 is wrong in the
non-metric case.
Example 3.9. (i) If K = Ω ∪ {∞} is the one-point compactification
of an uncountable discrete space Ω, then C(K)′ can be identified
with ℓ1(K). Thus there is no fully supported probability measure
µ ∈ C(K)′.1
(ii) If K = βN \N and Sϕ is the Markov semigroup induced by the right
shift ϕ, then ⋂
n∈N
Iµn 6⊆ radSϕ(0)
for every sequence of probability measures (µn)n∈N ⊆ C(K)
′ (see
Corollary 1.10 of [Cho67]).
4. Centers of Attraction
Radical S-ideals can also be described via an ergodic stability condition. To
formulate our theorem we write co S for the closed convex hull of S with
respect to the strong operator topology and recall that a net (Tα)α∈A ⊆
co S ⊆ L (C(K)) of operators is right ergodic if
lim
α
Tα(Id− S) = 0
for each S ∈ S with respect to the strong operator topology. We note
that there always are right ergodic operator nets for S (see Corollary 1.5
of [Sch13]). We give some examples (see Examples 1.2 of [Sch13]).
Example 4.1. (i) If S = {Sn | n ∈ N0} for some Markov operator
S ∈ L (C(K)), then the Cesàro means
CN :=
1
N
N−1∑
n=0
Sn for N ∈ N
define a right ergodic operator sequence (CN )N∈N for S. Likewise,
the net of Abel means (Ar)r∈(0,1) defined by
Ar := (1− r)
∞∑
n=0
(rS)n for r ∈ (0, 1)
is right ergodic for S.
(ii) If S = {S(t) | t > 0} is a strongly continuous one-parameter semi-
group of Markov operators on C(K), then the Cesàro means
CT f :=
1
T
∫ T
0
S(t)f dt for f ∈ C(K) and T > 0
define a right ergodic operator net (CT )T>0 for S.
1Remark 3.8 and Example 3.9 (i) were kindly suggested by the referee.
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The following result generalizes Theorem 4 of [Sch68].
Theorem 4.2. For each support L ⊆ K of an S-ideal
radS(IL) =
{
f ∈ C(K)
∣∣∣∣ limα
∫
L
Tα|f |dµ = 0 for each µ ∈ C(L)
′
}
=
{
f ∈ C(K)
∣∣∣∣ limα (Tα|f |)|L = 0 in the norm of C(L)
}
where (Tα)α∈A is any right ergodic operator net for S.
In particular, if (Tα)α∈A is any right ergodic operator net for S, then an
S-ideal IL is a radical S-ideal if and only if every f ∈ C(K) satisfying
lim
α
(Tα|f |)|L = 0
vanishes on L.
Proof. By Lemma 3.6 we may assume L = K. Take f ∈ radS(0) and any
right ergodic operator net (Tα)α∈A for S.
Let µ ∈ C(K)′ and observe that each subnet of (T ′αµ)α∈A has a subnet
converging to some ν ∈ PS(K). Since 〈|f |, ν〉 = 0 (see Remark 3.3), we
obtain that each subnet of (〈Tα|f |, µ〉)α∈A has a subnet converging to zero
which implies
lim
α
〈Tα|f |, µ〉 = 0.
Now let f ∈ C(K) with limα Tα|f | = 0 weakly for some right ergodic operator
net (Tα)α∈A for S. Then for µ ∈ PS(K)
0 = lim
α
〈Tα|f |, µ〉 = 〈|f |, µ〉
which proves f ∈ radS(0) and thus the first equation.
By Theorem 1.7 of [Sch13] the semigroup S is mean ergodic on radS(0) with
mean ergodic projection P = 0 and therefore
radS(0) ⊆
{
f ∈ C(K)
∣∣∣∣ limα Tα|f | = 0 in the norm of C(K)
}
.
The converse inclusion is obvious. 2
If S has a right ergodic operator sequence (for example if it has a Følner
sequence as defined in Assumption 4.5 below), then Lebesgue’s Theorem
yields the following result.
Corollary 4.3. Suppose that (Tn)n∈N is a right ergodic operator sequence
for S. Then
radS(I) =
{
f ∈ C(K)
∣∣∣∣ limn→∞Tn|f |(x) = 0 for each x ∈ supp I
}
for each S-ideal I.
The next corollary shows that if S is the semigroup generated by a Markov
lattice homomorphism T ∈ L (C(K)) (i.e., a Koopman operator), the radical
radS(0) of the zero ideal coincides with the almost weakly stable part of C(K)
with respect to T as defined in (9.4) on page 176 of [EFHN15].
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Corollary 4.4. Assume that ϕ : K −→ K is a continuous mapping and
S = Sϕ. Then
radS(0) =
f ∈ C(K)
∣∣∣∣∣∣ limN→∞ 1N
N−1∑
n=0
|〈T nϕ f, µ〉| = 0 for each µ ∈ C(K)
′
 .
Proof. If f ∈ radS(0) and µ ∈ C(K)
′, we obtain
1
N
N−1∑
n=0
|〈T nϕ f, µ〉| 6
1
N
N−1∑
n=0
〈T nϕ |f |, |µ|〉
for every N ∈ N and therefore limN→∞
1
N
∑N−1
n=0 |〈T
n
ϕ f, µ〉| = 0 by Theorem
4.2. The converse inclusion follows directly from Corollary 4.3. 2
For Koopman semigroups S we also obtain a further dynamical characteriza-
tion of radS(0). For the rest of this section we make the following assumption
(cf. Examples 1.2 (e) of [Sch13]).
Assumption 4.5. Let S be a closed subsemigroup of a locally compact
group G with left-invariant Haar measure λ acting on K such that
S ×K −→ K, (s, x) 7→ sx
is continuous. Let S be the associated Koopman semigroup, i.e.,
S = {Ts | s ∈ S}
with Tsf(x) := f(sx) for f ∈ C(K), s ∈ S and x ∈ K, which is strongly con-
tinuous by Theorem 4.17 of [EFHN15]. Moreover, we assume that (Fn)n∈N is
a Følner sequence for S, i.e., each Fn is a compact subset of S with positive
measure satisfying
lim
n→∞
λ(Fn∆sFn)
λ(Fn)
= 0
for each s ∈ S.
Example 4.6. (i) If S is the additive semigroup N0, then the sequence
(Fn)n∈N defined by Fn := {0, ..., n−1} for n ∈ N is a Følner sequence
for S.
(ii) If S is the additive semigroup R>0 and (tn)n∈N is any sequence in
(0,∞) with limn→∞ tn = ∞ then (Fn)n∈N defined by Fn := [0, tn]
for n ∈ N is a Følner sequence for S.
Lemma 4.7. Under Assumption 4.5 S is left amenable and thus S is right
amenable. Moreover we obtain an ergodic operator sequence (Fn)n∈N for S
by setting
Fnf :=
1
λ(Fn)
∫
Fn
Tsf dλ(s)
for f ∈ C(K) and n ∈ N.
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Proof. For each n ∈ N set
mn(f) :=
1
λ(Fn)
∫
Fn
f(s) dλ(s)
for f ∈ Cb(S). Then mn ∈ Cb(S)
′ with mn(1) = 1 and mn > 0 for each
n ∈ N. Let m be any weak* limit point of (mn)n∈N. Since∣∣∣∣∣ 1λ(Fn)
∫
Fn
f(s) dλ(s)−
1
λ(Fn)
∫
Fn
f(ts) dλ(s)
∣∣∣∣∣ 6 λ(Fn∆tFn)λ(Fn) · ‖f‖
for each f ∈ Cb(S), n ∈ N and t ∈ S, m is an invariant mean. The second
assertion is obvious. 2
We now introduce certain “attractors” of the dynamical system (K;S) with
respect to the Følner sequence (Fn)n∈N.
Definition 4.8. A closed non-empty set L ⊆ K is a (global) center of at-
traction if for each open set U ⊇ L we have
lim
n→∞
1
λ(Fn)
λ({s ∈ Fn | sx ∈ U}) = 1
for every x ∈ K.
This type of attraction is quite weak. Loosely speaking, orbits of points may
move arbitarily far away from a center of attraction as long as they come
back “often enough” with respect to the Følner sequence.
Global as well as point-dependent centers of attraction for N0- and R>0-
actions have been examined by several authors (see, e.g., [Hil36], [Ber51],
[JR72], [Sig77], Exercise I.8.3 in [Man87] and [Dai16]). In a recent paper Z.
Chen and X. Dai study the chaotic behavior of minimal centers of attraction
with respect to a point for discrete amenable group actions (see [CD17]).
It is known that in case of N0-actions on metric compact spaces there always
is a unique minimal (global) center of attraction given by the closure of the
union of the supports of ergodic measures (see Exercises I.8.3 and II.1.5 in
[Man87]). The following result shows that this still holds in our more general
situation.
Theorem 4.9. Under Assumption 4.5 the definition of a center of attraction
does not depend on the Følner sequence. Moreover, for a closed non-empty
set L ⊆ K the following assertions are equivalent.
(a) L is a center of attraction.
(b) IL := {f ∈ C(K) | f |L = 0} ⊆ radS(0).
In particular there is a unique minimal center of attraction M(S) given by
the closure of the union of the supports of ergodic measures, i.e.,
M(S) = supp radS(0).
Proof. Take a non-empty and closed set L ⊆ K. The mapping
IL −→ C0(K \ L), f 7→ f |K\L
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is an isomorphism of Banach lattices. Now L is a center of attraction if and
only if
lim
n→∞
1
λ(Fn)
λ({s ∈ Fn | sx ∈ A}) = 0,
i.e.,
lim
n→∞
1
λ(Fn)
∫
Fn
1A(sx) dλ(s) = 0(2)
for each compact set A ⊆ K \ L and each x ∈ K. Since the mapping
S ×K −→ K, (s, x) 7→ sx
is continuous, the function f : S×K −→ C, (s, x) 7→ 1A(sx) is Borel measur-
able. By Lebesgue’s and Fubini’s theorems Equation (2) is thus equivalent
to
lim
n→∞
∫
K
∫
Fn
1A(sx) dλ(s) dµ(x) = lim
n→∞
1
λ(Fn)
∫
Fn
T ′sµ(A) dλ(s) = 0
for each µ ∈ C0(K \L)
′ and each compact set A ⊆ K \L. Since the space of
compactly supported continuous functions Cc(K \L) is dense in C0(K \L),
this is the case if and only if
lim
n→∞
1
λ(Fn)
∫
Fn
〈Ts|f |, µ〉dλ(s) = 0
for each f ∈ IL and every µ ∈ I
′
L. This means
lim
n→∞
Fn|f | = 0
with respect to the weak topology for each f ∈ IL, i.e., IL ⊆ radS(0). 2
5. The Primitive Spectrum as a Topological Space
In this section we return to a general right amenable Markov semigroup S ⊆
L (C(K)) and analyze the topology of Prim(S). It turns out that it basically
has the same properties as the (non-dynamical) primitive spectrum of C*-
algebras and the topology of affine schemes of algebraic geometry (cf. Section
(2.2) of [GW10]). We employ methods as in Chapter IV of [Dix77] and
Section 4.3 of [Ped79] and first prove two technical lemmas before introducing
a topology on Prim(S). Recall that given µ ∈ PS(K) we write Sµ for the
induced semigroup on L1(K,µ).
Lemma 5.1. If µ ∈ PS(K) and L ⊆ K is the support of an S-ideal, then
1L ∈ fix(Sµ).
Proof. We fix S ∈ S. For each open set O ⊇ L take a continuous function
fO with fO(K) ⊆ [0, 1], f |L = 1 and fO|(K\O) = 0. The set Λ of open sets
containing L is directed with respect to converse set inclusion and thus we
obtain a net (fO)O∈Λ with
‖1L − fO‖L1(K,µ) 6 µ(O \ L)→ 0
by regularity of µ. By definition of Sµ
Sµ1L = lim
O
SfO.
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in L1(K,µ). Moreover,
SfO(x) = 〈SfO, δx〉 = 〈fO, S
′δx〉 = 1
for each x ∈ L since L is the support of an S-ideal. This implies
0 = lim
O
((1− SfO) · 1L) = 1L − Sµ1L · 1L,
where the limit is taken in L1(K,µ). Thus 1L = Sµ1L ·1L which shows 1L 6
Sµ1L and consequently 1L ∈ fix(Sµ) by Theorem 13.2 (d) of [EFHN15]. 2
Lemma 5.2. Consider two S-ideals I1, I2. If p is a primitive S-ideal with
I1 ∩ I2 ⊆ p, then I1 ⊆ p or I2 ⊆ p.
Proof. Let p = Iµ for some µ ∈ ex PS(K) and let Lj := supp Ij for j = 1, 2.
By Lemma 5.1, 1Lj ∈ fix(Sµ) for j = 1, 2 and therefore µ(Lj) ∈ {0, 1} since
µ is ergodic. Now suppµ ⊆ L1 ∪ L2 implies µ(L1 ∪ L2) = 1, so there is
j ∈ {1, 2} with µ(Lj) = 1. But this means suppµ ⊆ Lj and consequently
Ij ⊆ p. 2
We are now ready to equip Prim(S) with a topology by defining a Kuratowski
closure operator (see page 43 of [Kel75] for this notion). Recall that the
concepts of hull and kernel have been introduced in Definition 3.1.
Proposition 5.3. The mapping
: P(Prim(S)) −→ P(Prim(S)), A 7→ A := hull(ker(A))
defines a Kuratowski closure operator.
Proof. It is readily checked that
∅ = ∅, A ⊆ A and A = A
for each A ⊆ Prim(S). It remains to show that A1 ∪A2 = A1 ∪ A2 for
all A1, A2 ⊆ Prim(S). Applying Lemma 5.2 to the ideals Ij := ker(Aj) for
j = 1, 2 yields
A1 ∪A2 = hull(ker(A1 ∪A2)) = hull(ker(A1) ∩ ker(A2))
= {p ∈ Prim(S) | ker(A1) ∩ ker(A2) ⊆ p}
= {p ∈ Prim(S) | ker(A1) ⊆ p or ker(A2) ⊆ p} = A1 ∪A2,
which shows the claim. 2
Definition 5.4. The topology on Prim(S) induced by the closure operator
of Proposition 5.3 is called the hull-kernel-topology.
We from now on equip Prim(S) with the hull-kernel-topology.
Proposition 5.5. The following assertions are valid.
(i) The mappings
{∅ 6= A ⊆ Prim(S) closed} ↔ Rad(S)
A 7→ ker(A)
hull(I)← [ I
are mutually inverse bijections.
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(ii) The sets
Uf := {p ∈ Prim(S) | f /∈ p}
for f ∈ C(K) define a base for the hull-kernel-topology of Prim(S).
(iii) If K is metrizable, then Prim(S) has a countable base.
(iv) The space Prim(S) is T0. Given p ∈ Prim(S), the set {p} is closed if
and only if p is a maximal S-ideal.
(v) The space Prim(S) is quasi-compact.
(vi) The mapping
π : ex PS(K) −→ Prim(S), µ 7→ Iµ
is continuous and surjective.
Proof. Assertion (i) is obvious. For (ii) observe that Prim(S) = U
1
. Now
take a closed set ∅ 6= A ⊆ Prim(S). Then A = ker(I) for some S-ideal I and
we obtain
Prim(S) \ A =
⋃
f∈I
{p ∈ Prim(S) | f /∈ p} =
⋃
f∈I
Uf .
Moreover, each Uf is open since Prim(S) \ Uf = hull({f}). This proves (ii).
Assertion (iii) is a direct consequence of (ii).
We proceed with part (iv) and prove that Prim(S) is a T0-space. If p1, p2 ∈
Prim(S) with p1 6= p2, then M1 6= M2 for the supports Mi := supp pi,
i = 1, 2. We may assume that there is x ∈M2 \M1 and find f ∈ C(K) with
f |M1 = 0 and f(x) = 1. Then p1 /∈ Uf and p2 ∈ Uf .
For the second part of (iv) take a maximal S-ideal and assume that p ∈ {m}.
Then m ⊆ p and thus m = p by maximality of m.
Conversely, suppose that {m} is closed and take a maximal S-ideal p with
m ⊆ p. Then ker({m}) = m ⊆ p and thus
p ∈ hull(ker({m})) = {m},
i.e., p = m.
For the proof of (v) take closed subsets Aj ⊆ Prim(S) for j ∈ J with⋂
j∈J
Aj = ∅
and let Ij := ker(Aj) be the corresponding radical ideals for j ∈ J . We show
that ∑
j∈J
Ij = C(K).
Denote the ideal on the left side by I and assume that it is a proper invariant
ideal. Since there are no dense ideals in C(K), the closure I is contained in
a maximal S-ideal p. But then p ∈ Aj for each j ∈ J since the sets Aj are
closed, a contradiction.
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Take j1, ..., jk with 1 ∈ Ij1 + ...+ Ijk for some k ∈ N. Then
k∑
m=1
Ijm = C(K)
and consequently
k⋂
m=1
Ajm = ∅.
Finally, assertion (vi) follows from the fact that the set
π−1(Uf ) = {µ ∈ ex PS(K) | 〈|f |, µ〉 6= 0}
is open in exPS(K) for each f ∈ C(K). 2
Corollary 5.6. A net (pα)α∈A in Prim(S) converges to p ∈ Prim(S) if and
only if for each open set U ⊆ K with supp p ∩ U 6= ∅ there is α0 ∈ A with
supppα ∩ U 6= ∅ for every α > α0.
Proof. Consider the sets Vf := {x ∈ K | f(x) 6= 0} for f ∈ C(K). Proposi-
tion 5.5 (ii) shows that a net (pα)α∈A in Prim(S) converges to p ∈ Prim(S)
if and only if for each f ∈ C(K) with f |supp p 6= 0 there is α0 ∈ A with
f |supp(pα) 6= 0 for every α > α0, i.e., for each f ∈ C(K) with Vf ∩ suppp 6= ∅
there is α0 with Vf ∩ supp pα 6= ∅ for every α > α0. Since the sets Vf are a
base of the topology of K, this shows the claim. 2
Example 5.7. (i) For the trivial semigroup S = {Id} every ideal is
invariant and Prim(S) coincides with the maximal ideal space of the
commutative C∗-algebra C(K), i.e., it is homeomorphic to K.
(ii) Consider the torus K = T = {z ∈ C | |z| = 1} and the rotation
ϕa(z) := az for z ∈ T and some fixed a ∈ T with a
k = 1 for some
k ∈ N. Denote the group of kth roots of unity by Gk. The ergodic
measures are then precisely the measures µb ∈ PSϕ(K) with µb :=
1
k
∑k−1
j=0 δajb for b ∈ T. Their supports are clearly the sets
Mb := bGk = {bz | z ∈ T, z
k = 1}
for b ∈ T. Using Corollary 5.6 a moment’s thought reveals that
T/Gk −→ Prim(Sϕ), bGk 7→ IMb
is a homeomorphism if we endow the factor group T/Gk with the
quotient topology.
(iii) Consider the space L := {0, 1}N and the shift ϕ : L −→ L given by
ϕ((xn)n∈N) := (xn+1)n∈N for each (xn)n∈N ∈ L. For each k ∈ N
consider the minimal non-empty closed invariant set
Mk := {ϕ
n(xk) | n ∈ {0, ..., 2k − 1}}
with xk = (xkm)m∈N defined by
xkm :=
{
0 if m ∈ {1, ..., k} + 2kN0,
1 else.
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Now if
K :=
⋃
k∈N
Mk,
then it is readily seen that K is the invariant set⋃
k∈N
Mk ∪ {(xm)m∈N ∈ L | (xm)m∈N increasing or decreasing}.
We restrict ϕ to K and claim that Prim(Sϕ) is not Hausdorff. It
suffices to show that the sequence (mn)n∈N in Prim(Sϕ) with mn :=
IMn converges to two different points.
To this end, consider k ∈ N and the open subset
U :=
 k∏
i=1
{1} ×
∞∏
i=k+1
{0, 1}
 ∩K.
Then Ml ∩ U 6= ∅ for each l > k. By Remark 5.6 this implies
ml → I{(1)n∈N} and a similar argument shows ml → I{(0)n∈N}.
6. Continuous Functions on the Primitive Spectrum
It is our goal to describe the continuous functions on Prim(S). As above
we write M(S) for the support of radS(0), i.e., the closure of the union of
all supports of invariant ergodic measures, and recall that the semigroup on
C(M(S)) induced by S is denoted by SradS(0). Now consider the following
functions.
Definition 6.1. For a function f ∈ fix(SradS(0)) we define
fˆ : Prim(S) −→ C, Iµ 7→
∫
M(S)
f dµ.
Note that each f ∈ fix(SradS(0)) is constant on supports of ergodic measures
and therefore
∫
M(S) f dµ only depends on Iµ and not on µ itself. Thus fˆ is
in fact well-defined for each f ∈ fix(SradS(0)) and the next lemma shows that
it is even continuous.
Lemma 6.2. If f ∈ fix(SradS(0)), then fˆ ∈ C(Prim(S)).
Proof. Let p = Iµ ∈ Prim(S) and ε > 0. We set
fε := sup
(
ε · 1−
∣∣∣∣∣f −
∫
M(S)
f dµ · 1
∣∣∣∣∣ , 0
)∣∣∣
M(S)
∈ C(M(S)).
Then U := Ufε is an open neighborhood of p. Moreover, for each q = Iν ∈ U
ε−
∣∣∣∣∣
∫
M(S)
f dν −
∫
M(S)
f dµ
∣∣∣∣∣ > 0
which means |fˆ(p)− fˆ(q)| < ε. 2
In the radical free case (i.e., M(S) = K) we now obtain a linear mapping
from the fixed space fix(S) to C(Prim(S)). It turns out that this is actually
an isomorphism.
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Theorem 6.3. If S is radical free, then the fixed space fix(S) is a Banach
sublattice of C(K) and the mapping
:ˆ fix(S) −→ C(Prim(S)), f 7→ fˆ
is an isometric Markov lattice isomorphism.
Proof. We first show that fix(S) is a sublattice of C(K). Take f ∈ fix(S)
and S ∈ S. Since M(S) = K, it suffices to prove that Sp|f ||supp p = |f ||supp p
for each p ∈ Prim(S). However, this is true since the fixed space fix(Sp)
consists only of constant functions for every p ∈ Prim(S).
The mapping ˆ is clearly linear and 1ˆ = 1. Next we show that ˆ is an
isometric Markov lattice homomorphism. For f ∈ fix(S)
‖fˆ‖ = sup
p∈Prim(S)
|fˆ(p)| = sup
µ∈ex PS(K)
|〈f, µ〉| 6 ‖f‖.
The set {x ∈ K | |f(x)| = ‖f‖} is the support of an S-ideal (see Theorem
1.2 in [Sin68]) and thus contains a minimal support of an S-ideal M which
in turn supports an ergodic measure µ. This implies
|fˆ(IM )| = |〈f, µ〉| = |f(x)| = ‖f‖
for each x ∈M and consequently ‖fˆ‖ = ‖f‖.
Now take f ∈ fix(S) and p = Iµ ∈ Prim(S). For each x ∈ supp(µ)
|fˆ(p)| = |f(x)| = |f |(x) = |̂f |(p).
It remains to show that ˆ is surjective. Take f ∈ C(Prim(S)) with 0 6 f 6 1.
We fix n ∈ N and consider the open sets
Uk,n :=
{
p ∈ Prim(S)
∣∣∣∣ k − 1n < f(p) < k + 1n
}
for k ∈ {0, ..., n}. Then U ck,n = hull(Ik,n) for invariant ideals Ik,n ⊆ C(K)
and k ∈ {0, ..., n}. Assume
I :=
n∑
k=0
Ik,n 6= C(K).
Then I is contained in a maximal S-ideal p. Since Ik,n ⊆ p for all k ∈
{0, ..., n},
p ∈
n⋂
k=0
hull(Ik,n) =
 n⋃
k=0
Uk,n
c = ∅,
a contradiction.
We thus find 0 6 fk,n ∈ In,k for k ∈ {0, ..., n} with 1 =
∑n
k=0 fk,n ( see
II.5.1.4 in [Bla06]). Now set gn :=
∑n
k=1
k
n
fk,n.
Take p ∈ Prim(S). If k ∈ {0, ..., n} with p /∈ Uk,n, then Ik,n ⊆ p and therefore
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fk,n ∈ p, i.e., fk,n|supp p = 0. This implies
|gn(x)− f(p)| =
∣∣∣∣∣∣∣
∑
k : p∈Uk,n
k
n
fk,n(x)−
∑
k : p∈Uk,n
fk,n(x)f(p)
∣∣∣∣∣∣∣
6
∑
k : p∈Uk,n
∣∣∣∣kn − f(p)
∣∣∣∣ |fk,n(x)| 6 1n
for x ∈ supp p. In particular we obtain
|gn(x)− gm(x)| 6
1
n
+
1
m
for all x ∈M :=
⋃
p∈Prim(S) supp p and all n,m ∈ N. Since S is radical free,
M is dense whence (gn)n∈N is a Cauchy sequence in C(K). Denoting its
limit by g we obtain g(x) = f(p) for x ∈ supp p, p ∈ Prim(S) and, since M
is dense, g ∈ fix(S). Moreover, we clearly have gˆ = f . 2
The first part of the proof of Theorem 6.3 is based on the proof of Theorem
5 in [Sch68], while the second part uses arguments from the Dauns-Hofmann
Theorem II.6.5.10 in [Bla06].
We now focus on the general case, i.e., S not being radical free.
Lemma 6.4. The mapping
ϑ : Prim(S) −→ Prim(SradS(0)), p 7→ p|M(S)
is a homeomorphism.
Proof. Note first that ϑ is well-defined and bijective by Lemma 3.6 since
radS(0) ⊆ p for each p ∈ Prim(S). Lemma 3.6 also implies that
Rad(S) −→ Rad(SradS(0)), I 7→ I|M(S)
is bijective. By Proposition 5.5 (i) we obtain that A ⊆ Prim(S) is closed if
and only if A = hull(I) for some I ∈ Rad(S). If A is closed, we therefore
obtain
ϑ(A) = ϑ({p ∈ Prim(S) | I ⊆ p})
= {q ∈ Prim(SradS(0)) | I ⊆ ϑ
−1(q)}
= {q ∈ Prim(SradS(0)) | I|M(S) ⊆ q}
= hull(I|M(S)),
and therefore ϑ(A) is closed. Conversely, if ϑ(A) is closed, then by Lemma
3.6 and Proposition 5.5 (i) there is I ∈ Rad(S) with ϑ(A) = hull(I|M(S)) and,
by the above, we obtain A = hull(I). 2
By combining Lemma 6.4 with Theorem 6.3 we obtain the main result of
this section.
Theorem 6.5. The fixed space fix(SradS(0)) is a Banach sublattice of C(M(S))
and the mapping
:ˆ fix(SradS(0)) −→ C(Prim(S)), f 7→ fˆ
is an isometric Markov lattice isomorphism.
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7. Mean Ergodic Semigroups of Markov Operators
Using the space C(Prim(S)) we can now analyze mean ergodicity of Markov
semigroups and extend Theorem 2 of [Sch67]. Recall that co S denotes the
closed convex hull of S with respect to the strong operator topology. The
right amenable semigroup S is mean ergodic if there is P ∈ co S with PS =
SP = P for each S ∈ S (see [Nag73] or [Sch13] for this concept). In this
case P is unique with these properties and a projection onto the fixed space
fix(S) of S, called the mean ergodic projection.
Theorem 7.1. The following assertions are equivalent.
(a) S is mean ergodic.
(b) The following two conditions are satisfied.
(i) The mapping
exPS(K) −→ Prim(S), µ 7→ Iµ
is a homeomorphism.
(ii) For each f ∈ fix(SradS(0)) there is F ∈ fix(S) with f = F |M(S).
(c) The following three conditions are satisfied.
(i) The primitive spectrum Prim(S) is a Hausdorff space.
(ii) For each µ ∈ exPS(K) the support suppµ is uniquely ergodic,
i.e., µ is the only invariant measure having its support in suppµ.
(iii) For each f ∈ fix(SradS(0)) there is F ∈ fix(S) with f = F |M(S).
Remark 7.2. Note that assertion (c) (i) of Theorem 7.1 implies that each
primitive ideal is maximal (see Proposition 5.5 (iv)). This shows that the
concept of maximal S-ideals is sufficient for mean ergodic semigroups. In
particular, combining Theorem 7.1 with Proposition 3.7 (i) implies Theorem
2 of [Sch67].
Proof ( of Theorem 7.1). “(a) ⇒ (c)”: Assume that S is mean ergodic with
mean ergodic projection P ∈ L (C(K)). We first show that Prim(S) is
Hausdorff.
Consider Iµ1 , Iµ2 ∈ Prim(S) with µ1 6= µ2. Since S is mean ergodic, we find
f ∈ fix(S) with
c1 := 〈f, µ1〉 < 〈f, µ2〉 =: c2
by Theorem 1.7 of [Sch13]. Choose c ∈ (c1, c2) and set U1 := f
−1((−∞, c))
and U2 := f
−1((c,∞)). The sets
Vi := {p ∈ Prim(S) | suppp ∩ Ui 6= ∅} ⊆ Prim(S)
are open by Proposition 5.5 (ii) and Iµi ∈ Vi for i = 1, 2.
Assume there is p ∈ V1 ∩ V2. Then there are xi ∈ Ui ∩ suppp for i = 1, 2
and thus f(x1) < c < f(x2). Since f is constant on supports of ergodic
measures, this is a contradiction.
Given µ ∈ exPS(K) we know that SIµ ⊆ L (C(suppµ)) is also mean ergodic.
Since fix(SIµ) is one-dimensional, we obtain that fix(S
′
Iµ
) is one dimensional,
too. Thus, the supports of ergodic measures are uniquely ergodic.
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Next, take f ∈ fix(SradS(0)) and let G be any continuous extension of f to
K. Then F := PG ∈ fix(S) with F |M(S) = PG|M(S) = f . Thus (a) implies
(c).
“(c)⇒ (b)”: Now suppose that (i), (ii) and (iii) of (c) are valid. We first show
that ex PS(K) is compact. Take a net (µα)α∈A in exPS(K) with limα µα =
µ ∈ PS(K). Since Iµ is a radical ideal by Proposition 3.7 (i) we obtain
Iµ =
⋂
p∈Prim(S)
Iµ⊆p
p.
Now take p ∈ Prim(S) with p ⊇ Iµ and any f ∈ C(K) with p ∈ Uf . Then
f /∈ p and consequently f /∈ Iµ. This implies 〈|f |, µ〉 6= 0 and thus there
is α0 ∈ A with 〈|f |, µα〉 6= 0 for all α > α0. But then Iµα → p and, since
Prim(S) is Hausdorff, this implies that there is only one such p, hence Iµ is
primitive. Applying (ii) shows that µ is ergodic.
We now obtain that
π : ex PS(K) −→ Prim(S), µ 7→ Iµ
is a homeomorphism since the mapping is injective by (ii), exPS(K) is com-
pact and Prim(S) is Hausdorff by (i).
“(b) ⇒ (a)”: Finally assume that (b) is valid. The mapping
Φ1 : C(Prim(S)) −→ C(exPS(K)), f 7→ f ◦ π
is then an isometric Markov lattice isomorphism and by Theorem 6.5 the
mapping
ˆ: fix(SradS(0)) −→ C(Prim(S))
is so, too. Now consider the map
Φ2 : fix(S) −→ fix(SradS(0)), f 7→ f |M(S).
This is an isometric Banach space embedding (isometry follows with the
same arguments as in the proof of Theorem 6.5) and by (ii) it is surjective.
Thus
Φ := Φ1 ◦ˆ◦ Φ2 : fix(S) −→ C(exPS(K)), f 7→ 〈f, · 〉
is an isometric isomorphism of Banach spaces.
Now take µ1, µ2 ∈ PS(K) with µ1 6= µ2. The space ex PS(K) is compact
since it is homeomorphic to Prim(S). By Choquet theory (see Proposition
1.2 in [Phe01]) we thus find measures µ˜1, µ˜2 ∈ C(exPS(K))
′ with µ˜1 6= µ˜2
such that
〈f, µi〉 =
∫
exPS(K)
〈f, ν〉dµ˜i(ν)
for each f ∈ C(K) and i = 1, 2. We then obtain
〈f, µi〉 =
∫
exPS(K)
Φ(f)(ν) dµ˜i(ν) = 〈Φ(f), µ˜i〉
for each f ∈ fix(S) and i = 1, 2. Since C(exPS(K)) separates C(exPS(K))
′,
this proves that fix(S) separates PS(K). Now S consists of Markov operators
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and therefore fix(S) separates fix(S′). Thus S is mean ergodic by Theorem
1.7 of [Sch13].
2
Corollary 7.3. If S is radical free, then S is mean ergodic if and only if
exPS(K) −→ Prim(S), µ 7→ Iµ
is a homeomorphism.
The next corollary follows from Proposition 2.9 and Lemma 6.4.
Corollary 7.4. The semigroup S is mean ergodic if and only if SradS(0) is
mean ergodic and for each f ∈ fix(SradS(0)) there is F ∈ fix(S) with f =
F |M(S).
Finally we discuss some examples showing that the conditions of Theorem
7.1 (c) are independent of each other.
Example 7.5. Consider the following continuous mappings ϕ : K −→ K
and the induced semigroups S = Sϕ ⊆ L (C(K)).
(i) If K = [0, 1] and ϕ(x) = x2 for x ∈ K, then M(S) = {0, 1} and
the primitive spectrum is the two point discrete space. Clearly, both
fixed points define uniquely ergodic sets, so conditions (i) and (ii) of
Theorem 7.1 (c) are fulfilled. However, S is not mean ergodic since
the function f : {0, 1} −→ C defined by f(0) := 0 and f(1) := 1 has
no invariant continuous extension to K.
(ii) If K = T then there is a homeomorphism ϕ : T −→ T such that S
is not uniquely ergodic, but minimal (see Theorem 5.8 of [Par81]).
In particular, the support of every ergodic measure is K. Thus the
primitive spectrum is trivial and S is radical free whence Theorem
7.1 (c) (i) and (iii) are valid. S is not mean ergodic since supports of
ergodic measures are not uniquely ergodic.
(iii) If K and ϕ are defined as in Example 5.7 (iii), then supports of
ergodic measures are uniquely ergodic and S is radical free. Thus
Theorem 7.1 (c) (ii) and (iii) are fulfilled. The semigroup S is not
mean ergodic since the primitive spectrum is not Hausdorff.
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